A LIMIT THEOREM FOR RANDOM COVERINGS
OF A CIRCLE

BY
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ABSTRACT

Let N, ,, equal the number of randomly placed arcs of length x (0< & < 1)
required to cover a circle C of unit circumference m times. We prove that
lim,_, o P(N,,,, < (1)) (og (1/a) + mloglog (1/o) + x) = exp ((-1/(m-1)!)
exp (-x)). Using this result for m = 1, we obtain another derivation of
Steutel’s result E(N,,;)=(1/a) (log (1/0)+1oglog (1/o) + y+0 (1)) as 2—0,
y denoting Euler’s constant.

1.

Let C be a circle of unit circumference. Suppose that arcs of given length
a (0 < a < 1) are thrown independently and uniformly on C. The distribution
function of the number N, of these randomly placed arcs needed to cover the
circle C has been calculated by Stevens [9] who has shown that
(LD PN, <n) = X (-DF (Z ) (1 — k)™t

05ksl/a
for any positive integer n.
Using (1.1), one may readily compute the expectation E(N,) as

L)1
1.2) EN)=1- X (-1)f (L= ka) ~
125ks1/a (koc)k“
(a derivation of (1.2) is given in [5]).
Unfortunately, neither (1.1) nor (1.2) is very illuminating, since the summands
undergo violent oscillations; therefore, it becomes of interest to study the asymp-

totic behavior of P(N, < n), E(N,) as « — 0. Using (1.2), Flatto and Konheim
[5] have shown that
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1 1
(1.3) E(N,) ~ 5 log o
This result has subsequently been improved by Steutel [8] who, using Laplace
transform methods, obtained

1.4 E(N) = % (log é + loglog o_lc +y+ o(l)) as a— 0

where y is Euler’s constant.

The problem of describing the asymptotic behavior of P(N, < n) has
recently been studied by Shepp [7]. He proved that the random variable
o(N, — (1/x)(log(1/a) + loglog(l/x)) has a proper limiting distribution as
o — 0, and he obtained estimates for the tails of this distribution.t The problem
of obtaining the exact expression for this limiting distribution is left open in
Shepp’s paper. We shall obtain this limiting distribution in the present paper.
In fact, we derive the following more general result in Section 2.

THEOREM 2.6. Let N,,, equal the number of randomly placed arcs of length

o required to cover the circle C m times. Then

lim P(N,,m < ! (log ! + m]oglog1 + x)) = g lm-Llem=
=0 o « o

The limiting distribution of Theorem 2.6 is one of the extreme value distribu-
tions obtained by Gnedenko in his theory of the limiting distribution of the ma-
ximum term in a sequence of identically distributed independent random variables
[6]. We give a heuristic derivation of Theorem 2.6 which brings out clearly the
connection between the latter and the Gnedenko Theory. It suffices to consider
the case w=1/n, n a positive integer — o0, as the general result is easily deduced
from this particular case. We divide the circle C into n equal arcs which we label
Cy,...,C,. Let N, = number of throws necessary to cover C, m times. Since C
is covered m timesiff each C; is covered m times, we have N, ,, = max(Ny,...,N,).
Let N = N(n) be a positive integer so that lim,.,(N/n) = 0. A somewhat
lengthy calculation, which we omit, shows that

t The proof in [7] is erroneous. Shepp obtained upper and lower estimates for 1171, lim of
P(N, — (1/a) (log (1/a) + log log (1/a)) > x) as az— 0 (formula (94) of [7]). From these alone,
we cannot conclude the existence of the limiting distribution. The estimates of course provide
bounds for the tails of the limiting distribution, provided that we know independently that the
latter exists.
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(L5 P(N>N)~——l— (g)m(l ——I—)Nas n->owforl £ign.
! (m-=D'\n n
We now choose N = [N'] where N’ = n(logn + mloglogn + x), [N'] de-
noting, as usual, the greatest integer < N’. It is readily chetked that N/n ~ logn
(1 = 1/n)¥ ~ e " ¥n(logn)™. Thus (1.5) becomes

e—-x

(m-D'n’
Now P(Ny/ym £ N) = P(N; £ N',---,N, £ N’). Treating the N;’s as “in-

(1.6) P(N,>N') = P(N, = N) ~

dependent random variables”’, we obtain

1
P(Nyjun S N) = TT POV, S N) = T] (L= PN > N) ~ ( ! —(i—l)m“)

— e_x

(m-1r

The above argument is only heuristic because the N;’s are not independent
random variables. Thus the Gnedenko Theory, which deals only with independent
random variables, does not apply as it stands to our problem. We provide ano-
ther heuristic explanation of Theorem 2.6 in Section 2.

Folllowing a suggestion of Shepp, we show in Section 3 how Steutel’s asymptotic
formula (1.4) for E(N,) follows from Theorem 2.6. To do this, we shall require
estimates on the tails of the distribution of & (N,—(1/«)(log 1/a+ log log(1/a)))
which is uniform in «. Finally, we point out in Section 3 the analogy between
Theorem 2.6 and a result of Erdés and Renyi [2], who have studied a discrete

analog of our problem.

2,
We proceed to prove Theorem 2.6 which we stated in Section 1. First we
obtain an interpretation of the quantity P(N,,, < n), which proves to be useful.

~ e

THEOREM 2.1. Let n—1 (n> m) points be chosen independently and uni-
formly in the interval [0,1]. These n—1 points partition [0,1] into n intervals.
Let Ly,Ly,+++,L,_; denote the lengths of the successive intervals. Define L; for
all i by the requirement L,,, =L, and set S;=L;+ -+ + L;1py. Then
P(Nym n)=PS; 2, 05i <n-1).

REMARKS

1) Strictly speaking, we should write for fixed m, L ™ S™ instead of
L;,S; since these random variables depend both on i and n.We shall employ
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the superscript n in some of the ensuing theorems where it becomes important
to distinguish different values of n.

2) The event [N,,, < n] means that the first n randomly placed arcs cover
C at least m times. The probability of this event is the same regardless of whether
the arcs are open or closed. This follows easily from the fact that the probability
that two of the arcs are contiguous is 0. For definiteness, we assume in the en-
suing proof that the arcs are closed.

ProOOF OF THEOREM 2.1. We give C a fixed orientation so that it becomes meaning-
ful to speak of a left and right end-point of an arc placed on C. We denote the
closed arc with left and right end-points «, B as [«, f]; similarly, an open arc with
end-points «, § is denoted as («, ). We use L(a, f) to denote the length of either
arc. The positions of the first n randomly placed arcs are determined by their
left end-points. We label the arcs as [pg,qo],***» [Pa-1dn—1] WheTe po, Py, Pumt
are consecutive points on C consistent with its orientation and [py, g,] is the firs
arc placed on C. Define p;,q; for all i by the requirement p; = p;1,,4; = Gi4n-
The points pg, py, -, p,—; partition C into n arcs [p;,p;4+,], 05 i < n—1.

The requirement that C be covered at least m times by [p;,¢;], 0 £ i < n—1,
is equivalent to demanding that L(p,,p;;,,) < o for all i. For suppose that the
latter holds; we then have L(p;, pj.,) S a for i$j<i+m—1. Hence
[Pi+m=1:Pism] S [PjsPism) € [pjsq;] for i £j < i+ m—1. Since each peC
belongs to some [p; 1 m—1> Pi+m]> We conclude that each p e C is covered by at least
m of the n arcs [p;,q;], 0 < j £ n—1. Conversely, suppose all points of C are
covered by at least m of the arcs [p;,q4,], 0 £ j £ n—1. We conclude that any
point p € (piym—1, Pi+m) is covered by [p;,q;], i £ j £ i+ m—1. In particular
pe[pi.q:] so that L(p;,p) £ «. Choosing p arbitrarily close to p,.,,, we conclude
that L(p;, p;+m) < a forall i.

Choosing p, as 0, we open the circle into the interval [0,1]. The points
P1s--rsPu—y become the points Y,,...,Y,_, (Y, £ Y, < -+ £ Y,-) obtained
from distributing n—1 points randomly in [0, 1]. The requirement that L(p;, p;+ )
< o becomes equivalent to S; <o, 0 <i < n-1. Hence

P(Nyw<m) = P(S;Sa, 0<iZn-1).

ReMARKS. In the introductory Section 1, we gave a heuristic derivation of
Theorem 2.6. Another heuristic derivation may be based on Theorem 2.1. Let
n = n(x,m,x) = [(1/a)(log(1/a) + mloglog(1/x) + x)]. We conclude from Theo-
rem 2.1 that P(N,,, < (1/«)(log(1/e) + mloglog(l/e) + x)) = P(N,n, < n)
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=P(S® < a,++,5, £ ). We prove later on that P(S{" > «) =--- = P(S,, > «)
= X728 (3H%(1—0)" "' (formula 2.14), and this sum is readily seen to be
(noy™~* e~

(m=1" " (m=D1(1ja)log(l/a) *

Treating S, ..-,8™ as “independent random variables’’, we obtain

n—1
P(N,,n = é (logé + mloglog é + x)) =T] P(S{” < o)
i=o

o _ e’ "N —e=x/(m—1)1°
(1 (m—l)!(l/a)log(l/«x)) ¢

We proceed to give a rigorous proof of Theorem 2.6. Writing P(N,,,, < n)
= P(S;£0,0Li<n-1)=1~P( U'ZJ[S,>«]) and using the inclusion-
exclusion inequalities to estimate P( U%Z§[S; > «]), we obtain for I < n

1
P(Nyn<n) £ X (-1 pX P(S;,,,S;, > @), | even
(2.1) k=0 08iy <o <ig=n—1
1
P(Na,m = n) < z ('—1)k z P(Si17'”’Sik>a)s I odd.
k=0 0gig<.<ixsn—1

Let n = n(o,m,x) = [(1/a)(log (1/2) + mloglog (1/x) + x)]. We have
P(N, . < (1/a)(log(1/a) + mloglog(l/ax) + x)) = P(N,,., < n) and we use 2.1
to obtain lim,,,P(N,,, < n). We first evaluate for each positive integer k
lim,,o X o< <.<ipgn1P(Sy,s o> S, > o). We encounter here a basic difference
between m = 1 and m > 1. In the former case S; = L; and the random variables
So,+++, S, are exchangeable, i.e., all n! permutations S; ,---,S;, of Sp,---,8,_-,
have the same joint distribution function. In particular, all P(S;,,--,S;, > @)
appearing in the sum X o<; <...<;, <n— 1 P(Si,, ++*, S;;, > @) are identical. For m > 1,
this is no longer the case. For instance, a computation shows that for m = 2,
P(Sy,S; > a) # P(S,,S, > o). This fact makes the analysis considerably more
complicated for m > 1. It is instructive first to treat the easy case m = 1 and then
try to salvage the argument for m > 1.

We use the formula

22) P(Ly,, Ly >a) = (1 — ka)"™?

which is valid whenever 1 £ k £ nand 0 £ ka £ 1[3, p. 42].

Let n = [(1/a)(log(1/a) + loglog(1/«) + x)]. Since log(l—ka) = —ka + O(a?),
we have
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23) (n—1log(l—kx) = —k (log:—c+ Ioglog;16+ x) +0(cxlog %) .
Hence

1

-
2.4 (1—koc)""1~ (élog&) e ™ as x—-0.

The number of k tuples iy, i, where 0 S i, <.+ <ip S n-1is

n) i Lty
k) TR TR G %%a)
It follows that

2.5) lim T PG, S>0)= -

a=0 O0Siy<-<ig<n—-1

Using (2.1) and (2.5), we conclude that

© k
(2.6) EE% P(N‘,,,1 §o£c (log é + Ioglogo—16+ g)) =k§0 (—T!Q—e""‘ =e 7.

We have thus proved Theorem 1.6 for the case m = 1. We now try to dupli-
cate the above method of proof for m > 1. We say that the k-tuple (i, -, i)
is m-separated provided i;,; 2 i;+mfor1 £j<k—1and i +n 2 i+ m.
The condition of m-separability simply means that the sums S;,---,S; have
no common summands. It follows readily from the exchange-ability of Ly, -+, L,_4
that P(S;,,---,S; > «) is identical for all (i;,---,#;) which are m-separated.
Hence for these k-tuples, P(S; ,--, S;, > a) = P(So, S s S—pym < @) We
evaluate lim, o 2 o<, <...<ip<n—1P(Si,>**+, S;;, > @) in the following manner. We
first obtain an asymptotic formula for P(S,,S,,,"**, S-1)m > @) as @ = 0 (corol-
Iary of Theorem 2.2). We then estimate P(S;,---,S; > «) for those k-tuples
(iy, -, iy) which are not m-separated (Theorem 2.4). It turns out that the con-
tribution to X < <...<i, <n—1P(S;,, ++, Sy, > o) of these k-tuples is negligible as

a - 0. The evaluation of lim,,q X o<i<..<iyzn-1P(Si, ", S, > o) follows

1°

readily from the corollary of Theorem 2.2 and Theorem 2.4 and is carried out

in Theorem 2.5.
We first prove a lemma which is required for the proofs of Theorems 2.2 and

2.4. Suppose that n—1 (n > 1) points X{, ..., X" are chosen independently
and uniformly in [0,1]. Let ¥{™, ..., Y™, be the numbers obtained by rearrang-
ing the X5 in order of increasing magnitude and let Y = 0. Define Y™ for
all i by the requirement Y, = Y +1 and let S = Y — Y™ Observe
that S{™ is identical to S; of Theorem 2.1. We have the following:
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LeMMA. Let m i< <ipy En—m. Then

1
n n n n n—m n— n- o
@D PRS0 505 = [ (s sz seme 5 ) k)

where F(y) is the distribution function of S§° = Y™ .

ProOF. The random variables Y{™, .., Y™, have the joint probability density
function

FOu sy ) = {(n—l)! if 0y £ Sy 1[4, p. 386]

0 otherwise.
Hence for any set of indices 0 £ ig<i;y < <ipz En—m

(2.8) P(SQ, S+, 8> a) = (n—1)! L jdyl e dYn—y

where R denotes the region: 0=y, < y1 <+ £ Voo15Vijaom — Vi, > ¢ (0 2 j S k).
Let i, = 0. Integrating out the y,,---,y,—; variables, we may rewrite (2.8) as

o 1 -

29) P(S™. §M s .. s oy m-1 ey

( 9) (S() 9Su ’Slz’ 3Slk >“) (m_l), aym RO dym+1 dyn 1
- dy

m

where R'(y,,) denotes the region: y,, £ ypuu1 S S Vo1 S 1, Vijam— Vi, >
(1£j2k). Let v; = (Yms; — Y/l — y). Equation (2.9) becomes

2.10) PSS, 50> o)
0 ™

1 222

= -0 (17 ) mmnt gy

. [J -"Jdvl"'dvn~m—1]dym
I
1 £..50

where R’ denotes the region 0 = v, = =L, 0= 0om
>oaf(l-ym) A=) K).

Using (2.8) with n replaced by n—m, we obtain
(2.11) P(SETI,’:‘,’,S§§’:,’;”,---,S§;‘Z,’;')>1 _“y ) = (n—m-—l)!J‘R:-- Jdul-~-dv"_m_1.

= VYp-m—-1=

Equations (2.10) and (2.11) yield
2.12) PSP, 5P, 52, +, 50 > o)

i ? 123

n—2 ! n-m n—m n—-m & m— n—m-

= (n—l) P Slgl—m)’ ng—m)’ "t Si;((—m) — Vm 1(1 —ym) !
m-—1 a 1 Ym

Ay m
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Equation (2.12) is identical to (2.7) as dF(y) = (n—1D) (G2 3)y™ " '(1—y)" "™ dy
[4, p. 387]. =
We now prove

THEOREM 2.2. Let n—1 (n>1) points be chosen independently and uni-
formly in [0,1]. Let km < n and ¢/n £ a < 1 where ¢ is a positive constant
and k,m are positive integers. For fixed k,m,c we have

((m
R (1 —kd) n—1—-k(m—1) .
REMARK. For m=1, we already stated the exact formula (2.2), P(L{---, L™, > a)
= (1 — ka)"~ !, which gives more information than (2.13). It is possible to ob-
tain exact formulae for P(S§”, S&, .-, SGY ), > a) for all k, m. However, these

formulae become progressively more cumbersome with increasing m and formula
(2.13) proves to be adequate for our purposes.

) oln u no)™m— 1 -
(2'13) P(SE) )y S,(" ), trly S((k)—i)m > a) = (( ) 1)|)k + O((na)k( - 1))

ProOOF OF THEOREM 2.2. The proof is obtained by an induction on k. For
k = 1, the event [S{” > ] means that at most (m—1) of the randomly chosen

points are contained in [0,«]. Since the probability of choosing any point
in [0,«] is «, we have

Q1) PSP > = T (n ; 1)a’(1-a)""‘f
j=0 J

(z ( P R e

Since ¢/n £ o £ 1, we have the estimates

(2.15) ( j ) d(l—a)y" 7 < (na) = O((na)" 2)for0 < j £ m—2

_ m-1 m—1
(2.16) (;’1 _ll)a'"_l— ((" o1 +0(n™ Z)) -1 (fn"“—ll—)—+0((na)'" %,

Substituting (2.15) and (2.16) into (2.14), we get

(n) = (na)m ! m=2y) .1 _m
PSP> ) = ([ + O™ - (-af ™,
thus proving Theorem 3.2 for k = 1.
Suppose Theorem 3.1 holds for k. We show that it holds for k + 1. Assume
that (k + ) m<n,c/n £ a £1/(k + 1). Using the above lemma and
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observing that P(Sg" ™S, ™., S ™ > af(1 — »)) = 0 for y > 1 — ka, we
obtain

n n n n—2 1ok m— n—m—
Q217) P(S3, S+, Sin > o) = (n—1)(m_1)f R () L

«

P(SE,"'"", s SETT, > ) dy.

We have km < n—m, (¢/2)[(n—m) < ¢/n £ a/(1—y)< 1/k. We may therefore
apply (2.13) and get

-m ..o @\ _ 1 (na)km=1
(2.18) P(So > Ste=Dom l—y) (l—y)"'""l( ((m =D)1F

+ 0((na)"('"‘”-1)) -(1—ka—y)¥ where N =n—2~(k+1) (m-1).
Substituting (2.18) into (2.17), we get

@19) PSP, 5P, 50> = =) (7 1) (e i 0 )

1-ka
- J Y"1 = ke — y)Vdy.

We evaluate the integral appearing in (2.19). Let y = x + «. Then
1—-ke 1~(k+1)x
(2.20) J Y 1 —ka—y)Vdy = J (x+ )" (1 - (k + Da— x)' dx
-1 0

- 1 1-(k+1)a .
= Z ( i )"'_1 i J X1 — (k + Da — x)"dx.
j=0

0

Let x = (1 — (k + Dojo. Then [¢~**D* x/1 —~ (k + Da — x)Vdx
=(1—(k+D)"**1 [3o'(1—v)"dv. The integral {50v'(1~v)"dv is recognized to
be B(j + 1,N + 1)=jIN!/(j + N + 1)!, B(x, y) denoting the beta function. Hence
JjIN!
(+N+D!
(1 —(k+ Da)¥*i+L,

(221)J Y —ka— y)dy = 2 (’"J l)a'"‘l-f

For 1<j £ m=1, (n=1) G2" NG + N + 1) = 0((na)" )

= O((ne)""%). For j=0, (n—-DC D" INYN+ D! = (na)™ Y(m—1)!
+ O((n®)™"%). We conclude from these estimates and (2.21) that
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_ 1~ka
(2.22) (n—1) ("’n _21) j Y™ 11— ka)dy

_ (m‘)m~1 m—21, N+1
= ((m Y + O{(no (I—(k+1)x .
Substituting (2.22) into (2.19), we conclude

(noz)(H 1)(m-1)

(m gln) gn) =
(2.23) P(So”, Sp's++*, Sim > ) = (((m—l)!)"+1

+ 0((mx)(k+ 1)(m—1)—1))
(L= (k+ Doy ITEHDED g
Theorem (2.2) implies the following:
CorOLLARY. Let n = [(1/a)(log(1/a) + mloglog(l/o) + x)}}. For fixed k,m,

—kx ak
((m—1)1* log*(1/a)
Proor. For o sufficiently small, the conditions km < n, (/) o £ (1/k)

are satisfied and Theorem 2.2 applies. Since log(l—ka) = —ka +O(«?) and
n = (1/a)(log(1/a) + mloglog(l/o) + x) +O(1), we have

P(S$, S, o0, ST 1 > A)~ as a— 0.

2.24) (n—1 — k(m—1))log(l — ko) = k(log o—t+ mloglog —:—L + x) + O(a Iogé).

Hence
(2 25) (1 _ ko‘)n—l-k(m—l)N e—kx l IOg 1_ my\—k
. o 5 .
Using n ~ (1/0)log(1/e), (2.13) and (2.25), we obtain
- e-kx ak

P(S§Y, Sf:), Skl ym > @) ~

(m=1H*  logkl/w) "

REMARK. Suppose that n{«) is an integer valued function defined for0 <a < 1
and satisfying n(e) = (1/o) (log(1/x) + mloglog(1/x) + O(1)). We conclude by the
above method of proof that P(SS”, SY”, -+, SGL 1ym > @) = O(a*/log"(1/a)).

We now proceed to estimate P(S;,--,S > o) in case (i, i) is not m-cep-
arated. We consider first a special case.

THEOREM 2.3. Let 1 £ 1< m—1. Let n = n(a) be a positive integer valued
function of ¢, 0 < a < 1, satisfying n(a) = (1/a)(log(1/a) + mloglog(1/a) +O(1)).
For fixed 1, m, we have P(Sy,S;> o) = O(a/log?x).

ProoF. We may restrict ourselves to 0 <« <. We have
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(2‘26) [SO’SI > 0(] < [Yl+m 2 2“] U [Ym <a, Yl+m - Yl >, Yl+m < 20‘]

where Y; is the same as the quantity Y{" introduced earlier. We estimate the
probability of each event on the right side of (2.26). Using (2.14) with S, = Y,
being replaced by Y,.,,, we obtain

(2.27) P(Y,, > 20) = O((2noy'* ™1 (1 = 20)") =O((no)"* ™1 72,
Since no = log(1/x) + mloglog(l/a) + O(1), we have

1 o
2.28 no = 0(10 —), e =0 (~————)
(229 & (og ()"
Substituting the estimates (2.28) in (2.27) and recalling that I £ m — 1, we get
(12
> =0 ——
2.29) P(Y,,, = 20) O(Ing oc)'

In view of (2.26) and (2.29), Theorem 2.3 will follow from the estimate
P(E) =O(x/log*a) where E =[Y,>a,Y,,,— Y, >a, Y, , <2«]. We rewrite
the latter as E = [V, < Y, —a,0< Y, £ Y, ,,a< Y, <2a]. Let f(x,y,2)
denote the joint probability density function of the random variables Y;, Y, Y4,
It is known that
n—1)!

(230) Jx,3,2) = 1)!]2(m—§—- 1))!(n e )Y

. xl—l(y _ x)m—l—l(z _ y)l“l(l _ Z)n"m—l—‘l .
(For a derivation of (2.30) see [4, p. 387].) Hence

2a z *z—0
(2.31) P(E) £ n"'“j f J P (T G ) e ¢ B Uk
©odede dxdydz.

Using the estimate 0 < y—x < 2o and performing the integration in the x,y

variables, (2.31) yields

qm=l-1
2

2a
(232) P(E) £ n"t! a"""lj (z—o) 2 (1—z)" ™ "1 gz,

Now
p14 1
(z—a)?1—z)" ™ ldzg J (z—a) 1=z ™1 dz
1-a 1
— f xZI(l_a_x)n-m—l—ldx — (l_a)n-m+l f t21(1_t)n—m—l—1dt.
0 o]

The latter integral is recognized to be B2l + 1,n—m—10) = QD{(n—m—-1-1)}/
(n—m + D! =0(1/n¥* 1), It follows that
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- I—d)n e
(2.33) J (z—a)*(1-2) "lgz= 0((2“1 )—0(—;5;1—).
We conclude from (2.28), (2.32) and (2.33) that

(2.34) P(E)= o(l—og,—flm).

Since ! > 1, we have P(E) = (aflog?«), thus proving Theorem 2.3. m

We now obtain an estimate for P(S,,-,S; > a) for all k-tuples (iy,--,i,)
(k =z 2) which fail to be m-separated. We introduce the notion of a component
of (iy, -+, 1;). Let 4;,, ...,;, be the union of the k openarcs (p;,, pi, +m)>***, (P Piytm)
lying on C (py, Py, »-.. Pu—1 are the points introduced in the proof of Theorem 2.1).

Suppose that 4;,-:,; decomposes into r components. Each component K

sip
consists of a number of the arcs (p;, p,;,). We shall say that the set I of indices i
for which (p;,p;+m) €K forms a component of (iy,---,i). Thus (if,--,) will
also decompose into r components. Clearly the number of components r < k
and it is readily seen that r = k if and only if (iy,--,i,) is m-separated.

We obtain an estimate for P(S;,,---,S; > «) in terms of r.

TueOREM 2.4. Let C(r, k) be the class of all k-tuples (iy. -+, i) consisting of
r components where 1 < r <k. Let n = n(x) be a positive integer-valued func-
tion defined on (0,1) satisfying n(x) (1/a) (log(1/a) + log log(1/x) + O(1)).
Then

I

a"
max P(S;,,"-+, S, >« =0(—,————).
(igseeerix) 8 C(rok) ( ) log™+(1/a)

Proor. The proof proceeds by induction on r. Suppose r = 1. The union
of the k arcs (p;,, Pi,+m)>***>(Pir> Pir +m) is connected. For n = m, this implies
that at least two of these arcs overlap, say (p;,, p;;+m) and (p;,, P;, + »)- This means
that S;, and S, have common summands. Since the L;’s are exchangeable, we
have P(S,j, > a) = P(Sy,S; > a) for some 1 </ < m—1. Hence P(S;,,S;,
> o) < maxlg,ém_lP(So,S,) for all (iy, ---, i) for which r = 1. Hence for
r = 1, Theorem 2.4 is a direct consequence of Theorem 2.3.

Suppose that Theorem 2.4 holds for r — 1. We show that it holds for r. Sup-
pose first that some component of (iy, -+, i) consists of just one index, say i;.
Since the L,’s are exchangeable, we may assume that j =1 and i; = 0. For
we have P(S;,, -+, 8;,> @) = P(So,S;,, =i, Su-iy5 Siytn-ty5"""sSi;_y4nei; > &
and {0} is a component of the k-tuple (0,7

it lj PN M lj,ll +n“lj,"‘,lj_1
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+ n—i;). Since {0} is a component of (0, i5, -+, i), we have m < i, and iy Sn—m.
We may therefore employ the lemma preceding Theorem 2.2. We obtain

1
P(SG, Sy, 80> o) = f P(sf; e, ST > 1—-—-) dF(y)
(2.35)

< P(SUZM ... STM 5 ) - PSS > ).

iz—m> "’ ig~m

The (k—1) tuple (i, —m,--,iy—m) consists of (r—1) components.
Since r—1<k—1, we conclude from the induction hypothesis that
P(SEImM, ... ST > o) < Co'~'/log'(1/a) for some positive C and for all

choices of i,,+-,i,. Furthermore we have P(S{" > «) = O(a/log(1/a)) (see the
remark following the Corollary of Theorem 2.2). Hence

a"
max  P(S;,-,S5;, >« =0(_r__)’
(1> ooes iy 8 Cy(rok) S > ) log"+1(1/a)

C,(r, k) consists of those k-tuples in C(r, k) containing a component consisting
of one index. This easily yields the general result, for let (i;, -, i) consist of r
components, r = 2, and suppose that each component has more than one index.
Remove all but one index from one of the components and let i] < -+ < i; denote
the remaining indices. Then r = number of components of (i,:+,i;). As each
cornponent of (iy,---,i;) has more than one index, we have r < 5. Since

ar
PSS, >a) £ P(S;,,,S; 2 0) < max (_r——)
(S;, ) = K 29 Greinecien  \10g+(1]a)

we obtain

ar
max PS,-,-~-,Sk>a=0(—————-) .
(i1 »ooes i) € C(PK) S ! ) log'+11/a)

The Corollary to Theorem 2.2 and Theorem 2.4 yield
THEOREM 2.5. Let N =[(1/o)(log(1/a) + mloglog(l/x) + x)]. Then

1 ek
l. Z P S,' ,"',Si >0) = — ——m
B s cgn S0 > 0 = P T

Proor. We write the above sum X as £ =X, +X, where &; extends over
the k-tuples (iy,---,i,) which are m-separated, and X, extends over all other

k-tuples.
Let n, , be the number of k-tuples (iy,...,i,) consisting of r components. Thus
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M. = number of k-tuples which are m-separated. Let I,---,I, denote the r
components of (i;,...,i). Let i} be any index in I;, 1 < j < r. It is clear that
for a given choice of ij,-,i;, the number of choices of the remaining indices
< C, where C is a positive constant depending only on k,m. Since the number
of possible choices of iy, ---,i; = O(n"), we obtain n,,,= O(n"). The total num-
ber of k-tuples (iy,--,i) = (1) = n*/k! +O(n*~'). Hence

k-1 k
(236)  ny = (:) -~ Zn, = (Z) G ~% (:-c log:—c) .

r=

Now Z; = nyP(Sq, S, S—-1)m > @) . It follows from the Corollary to The-
orem 2.2 and (2.36) that

—kx

. e
(237) il_l;l’(l) 21 = W.

which implies Theorem 2.5, provided we can show lim,,,%, = 0. We write
2, =%, 4 +Zp4- where I, , isthe sum ZP(S;, -, S;, > o extending over

the k-tuples (iy,-:-, i) with r components. Using Theorem 2.4 and bearing in
mind that n,,, = O(n") = O((1/alog1/x)"), we have

1
log(1/a)

Hence lim,.,X;, =0 for 1 £ r < k—1. It follows that . m,,,Z, = 0, thus
proving Theorem 2.5, [ |

(2.38) 22,,=o( ) , 1<r<k-1.

We now state the main result of this paper,

THEOREM 2.6. Let N, ,, equal the number of randomly placed arcs of length
o required to cover the circle C m times. Then

1 1 1 -
i < - _ _ ,—~1/m=1))le~x
1m(1) P(Na,m <~ (log + m log log o+ x)) =e .

Proor. We have P(N,,, < (1/a)(log(1/a) + mloglog(1/a) + x)) = P(N, . <n)
where n = [(1/0) (log(1/x) + mloglog(1/x) + x)]. Using the inclusion-exclusion
inequalities (2.1) and Theorem 2.5, we get

) 1 1 1 (=D e \* —1) fen
<z 2+ mloglog— =2\ )= mtm=1)tem=
il_{r; P(Na,m < oc) IOgcx +mlog oga+x)) R (( __1)!) e .

3.

We show in the present section that Theorem 2.6 yields Steutel’s asymptotic
formula (1.4) for E(N,,;). We prove
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THEOREM 3.1. Let F,(x) = P(N,,; £ (1/a) (log(1/x) + log log(1/a) + x)).

i) ForO<a<e'and x 21 we have 1 — F(x) £ Cxe~*, C being a po-
sitive constant independent of o.

il) A similar statement holdsforx £ —1, F(x) & Cl xle"’rl for0<a<e-?
and x £ —1, C being a positive independent of o.

Before proving Theorem 3.1, we show how it yields Steutel’s formula for
E(N,.)). We have E(N,,;) = (1/a)(log(l/x) + loglog(1/a) + [®, xdF(x)), so

0

that we must show lim,.o [ 2, xdF(x) = y. For any R = 1, we write

3.1) f " xdF(x) = f —:xdFa(x) + f  MdF(0) + f " YdF(x).

- - -R R

Since lim,.,o F,(x)= e~ " we have lim,, [2gxdF(x) = [Rexd(e™*""). Now
(& xdF(x)=— [Zxd(1=F(x))=R(l = F(R)) + [f(1 — F(x))dx. Using Theo-
rem 3.1(i), we conclude that [gxdF,(x) < CR*™® + C[Pxe™Ux. It follows

that [gxdF,(x) » 0 as R —» oo uniformly for 0 <a < e~'. Similarly Theorem
3.1 (ii) implies that [~% xdF,(x)»0 as R —» oo uniformly for 0 <a<e 2
We conclude readily from (3.1) that lim [, xdF (x)= [®, xd(e”* ™). Letting
t=e, wegst [2.xd(°7) = [2 xe”* e dx =— [logte 'dt. The latter
integral is recognized to be —I''(1) and it is known that—I"'(1) = y[1]. Hence
lim®, (2, xdF(x) = y, proving Steutel’s formula (1.4).

PrOOF OF THEOREM 3.1.

i) 1—F/(x)=P(N,;>n) where n = [(1/e)(log(l/a) + loglog(l/x) + x)].
Now P(N, >n) = P(U/SJL >a) = Z/5GP(L;>a). P(L) = P(Ly) =
(1 — )" ! (formula (2.2)). Hence
(3.2 P(N,;>n) s n(l —a)""! < 2ne™",

Since

1
3.3) log£+loglogl+x-—a§ na < log—+loglogl+x,
o o o [+4
we obtain

1 1
(logo—c + loglogo—C + x)na_x x

e §2(2+

(3.4) P(N, ,>n) <2

log 1/a

]_X< — 1
fog 1/a)e <6exe

the last inequality of which is valid for 0 <a <e~!, x = 1. Thus Theorem
3.1(i) is established with the choice C = 6e.
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ii) The proof of Theorem 3.1(ii) is based on the following lower bound for
P(N,,, > n) obtained in [7, Formula 91]. We assume in the sequel that 0 <o <e—?2
x< —1.

(3.5 P(N,,>n)= (1=

n 2 " n
1 -2 1y 'n—-_l_—l[(l—d 1 —(1—-20) 1 ]

The denominator on the right side of (3.5) £ (1—a)*" + 2/n(1—0)". We con-
clude from (3.5) that P(N,,; > n) = n(1 —«)"/(n(1—a)" + 2). Hence
2

n(l—a)”

Let n = [(1/e)(log(1/x) + loglog(l/a) + x)] where x <0. We observe that
F/(x) = P(N,,, £ n) = 0 for na < 1, in which case Theorem 3.1(ii) is obviously
true. We therefore assume noa = 1 so that x = — log(1/x) — loglog(1/a) + 1.

Now

(3.7) n(l — )" = ne ™",

(3.6) P(N,1 S 1) S

Using (3.3) we easily verify the inequalities

—-X

i 1 i - e —pa2 -2 —~4e2
> . - - ne > ne > (1/a)log (1/x) > 4e
B8 nz 7 (loga + logloga +x)e 2 foglfa ,e 2e e

which are valid for —log(1/a) — loglog(1/) +1 £ x £ 0,0 <a < e~2. We ob-
tain from (3.7) and (3.8)

-2
e4e e |

b 1 1
—a >  —log- — ht <x< =2
(39 n1—-w)'z 3 f(x) ’xl, logoc logloga+ 1< x<0ando<a<e ”,

where f(x) = —x(log(1/a) + loglog(1/e) + x)/log 1/a.

The minimum of f(x) on [ —log(1/e) + loglog(l/a) + 1, —1] is attained at ~1.
Hence f(x) = f(—1) = (log(1/x) + loglog(l/ey — Dflog(1je) = 1 — 1/log (1/a)»
the latter being = 4 for 0 < a < e~2. Hence

—4e-2 |x|

el x< ~land O<a<e 2,

x|
We conclude from (3.6) and (3.10) that
(3.11) F()2C|x|e™, x< ~1and O<a<e™?

e

(3.10) n(l—a)* >

with the choice C = 8¢*™", thus proving Theorem 3.1(ii). =
We conclude by mentioning two open problems suggested by the present paper.
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1) It seems likely that Steutel’s formula (1.4) should generalize as follows
for all m:

(3.12) E(N,, ) = i- (log;lC + loglog%t-i— Vm + o(l)) as ¢ —» 0

where y,, = y — loglog(m—1)!

As in the case m = 1, (3.12) follows from the formal step

lim xdF, (x) = f xd(e™Mm=Dre==

a—+0 -

where F, (x) = P(N,.,, < (1/a)(log(1/e) + mloglog(l/e) + x)). The justifica-
tion of the formal step would follow from a generalization of Theorem 3.1 to
m > 1, which would in turn follow from a suitable generalization of 3.5to m > 1.

2) The problem of random coverings of C has the following discrete analog
considered by Erdgs and Renyi [2]. Balls are thrown into n urns uniformly and
independently. Let N, , equal the number of throws necessary to obtain at least
m balls in each urn. It is shown in [1] that

lim P(N, , < n(logn + (m—1)loglogn + x)) = ¢ !/m-Dte™=

This result is a discrete analog of Theorem 2.6 with o being replaced by 1/n.

The Erdos-Renyi result may be reformulated in the context of our problem.
Let N, equal the number of randomly placed arcs of length 1/n necessary to
cover m times a given lattice L of n equally spaced points on the circle C. It is
readily seen that the random variable N, , is essentially the same as the N, ,,
considered by Erdos and Renyi. We merely replace the words ball and urn by
arc of length 1/n and point of L. Hence

lim P(N,,, < n(logn + (m—1)loglogn + x)) = ¢ Y/m~Dte™>

n—=co -
On the other hand, setting N, ,, = Ny,,,,, Theorem 2.6 states that

lim P(N,, < n(logn + mloglogn + x)) = ¢ M/m-Dte™=

no
Comparing the two results, one readily verifies that N,/ /nloglogn —1 in measure
as n —» . Here N, ,, = N, ,» — N; . = number of arcs of length 1/n which
must be thrown to cover C m times after L has already been covered m times.
It is reasonable to conjecture that (N, ,./n — loglogn) has a proper limiting dis-
tribution as n — co, but we have not been able to prove this.
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